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Abstract

In 1897, Indiana physician Edwin J. Goodwin believed he had discovered a way
to square the circle, and proposed a bill to Indiana Representative Taylor
I. Record which would secure Indiana’s the claim to fame for his discovery.
About the time the debate about the bill concluded, Purdue University
professor Clarence A. Waldo serendipitously came across the claimed discovery,
and pointed out its mathematical impossibility to the lawmakers. It had only
be shown just 15 years before, by the German mathematician Ferdinand von
Lindemann, that it was impossible to square the circle because π is an
irrational number. This fodder became ignominiously known as the “Indiana Pi
Bill” as Goodwin’s result would force π = 3.2.

In this talk, we review this humorous history of the irrationality of π. We
introduce a method to compute its digits, present Lindemann’s proof of its
irrationality (following a simplification by Miklós Laczkovich), discuss the
relationship with the Hermite-Lindemann-Weierstrass theorem, and explain how
Edwin J. Goodwin came to his erroneous conclusion in the first place.
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Underwood “Woody” Dudley (1937 – )
https://en.wikipedia.org/wiki/Underwood_Dudley
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http://www.amazon.com/Mathematical-Cranks-Spectrum-Underwood-Dudley/dp/0883855070
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“Legislating Pi” in Mathematical Cranks by Underwood Dudley

MAA Spectrum, Cambridge University Press (1992), pp. 192–197

ISBN 0-88385-507-0
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Hold up . . .

What is “π”?
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What is “π”?

Definition

π = C/d is the ratio of the conference C of a circle to its diameter d .

The symbol “π” comes from the first letter of the Greek words περιµετρως
(perimetros) and περιϕιρεια (periphireia), meaning “perimeter/diameter”.
The prefix περι (peri) means “round.” The Welsh mathematician William
Jones (1675 – 1749) introduced this notation in 1706. Before , it was called
quantitas in quam cum multiflicetur diameter, proveniet circumferencia (the
quantity which, when the diameter is multiplied by it, yields the circumference).

http://www.historytoday.com/patricia-rothman/william-jones-and-his-circle-man-who-invented-pi
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The Constant π Appears in the Bible

The Old Testament of the Christian Bible even discusses the number π. For
example, I Kings 7:23 reads:

[King Solomon] made the Sea of cast metal, circular in shape, measur-
ing ten cubits [15 feet or 4.6 meters] from rim to rim and five cubits
high. It took a line of thirty cubits to measure around it.

Even the Bible says π ≈ 3!
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Method of Exhaustion

The Greek engineer Archimedes of Syracuse (287 BC – 212 BC) found an
even better approximation of π via the method of exhaustion: by
comparing the circumference of the circle with the perimeters of the
inscribed and circumscribed 96-sided regular polygons, he found π is
somewhere between 223/71 = 3.14085 and 22/7 = 3.14286.

The Chinese astronomer Zu Chongzhi (429 AD – 501 AD) realized
22/7 = 3.14286 approximates π to 2 decimal places, whereas
355/113 = 3.14159 approximates π to 6 decimal places; he found this by
using a 12288-sided regular polygon! The fractions are known in Chinese
as Yuelü and Milü, respectively, meaning “approximate ratio” and
“detailed ratio”, respectively.
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Computing the Decimal Expansion for π

The German mathematician Gottfried Wilhelm von Leibniz (1646 – 1716),
Scottish astronomer James Gregory (1638 – 1675), and Indian astronomer
Madhava of Sangamagrama (1350 – 1425) each discovered the seriess

π

4
=
∞∑
k=0

(−1)k

2k + 1
= 1− 1

3
+

1

5
− 1

7
+ · · · .

This follows from the Maclaurin series expansion

arctan(x) =

∫
dx

1 + x2
=
∞∑
k=0

(−1)k
x2k+1

2k + 1
whenever − 1 < x ≤ 1.

with x = 1. An even better approximation comes from setting x = 1/
√

3:

π = 6 arctan
1√
3

=
∞∑
k=0

(−1)k

2k + 1

2
√

3

3k
= 3.141592653589793 . . . .
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Continued Fractions

Motivating Question

Is there another way to compute these approximations 3, 22/7 and 355/113?

Define three sequences as continued fractions of π = 3.141592653589793 . . . :

b0 = π

bn+1 =
1

bn − bbnc
an = bbnc xn = a0 +

1

a1 +
1

a2 +
1

· · ·+ 1

an

n 0 1 2 3 4 5

bn 3.141593 7.062513 15.996594 1.003417 292.634591 1.575818

an 3 7 15 1 292 1

xn
3

1

22

7

333

106

355

113

103993

33102

104348

33215

Error 1.416 × 10−1 1.264 × 10−3 8.322 × 10−5 2.667 × 10−7 5.779 × 10−10 3.316 × 10−10
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Exact Value of π?

There are many good approximations to π = 3.141592653589793 . . . :

3

1
,

22

7
,

333

106
,

355

113
,

103993

33102
,

104348

33215
, . . . .

Theorem (Johann Heinrich Lambert, 1761)

π is actually an irrational number! hat is, it cannot be expressed exactly in the
form π = p/q for some integers p and q.

This was originally proven by the Swiss mathematician Johann Heinrich
Lambert (1728 – 1777) in 1761, but a very recent simple proof was published
in 1997 by the Hungarian mathematician Miklós Laczkovich (1948 – ). We will
closely follow the discussion found at the web site

http://en.wikipedia.org/wiki/Proof_that_pi_is_irrational
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Why is π an irrational number?
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On Lambert’s Proof of the Irrationality of π by Miklós Laczkovich

The American Mathematical Monthly (published by the MAA)

Vol. 104, No. 5 (May 1997), pp. 439–443, DOI: 10.2307/2974737

http://www.jstor.org/stable/2974737
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Bessel Functions

Definitions

Let n be a real number. Consider the linear second order differential equation

x2 d2y

dx2
+ x

dy

dx
+ (x2 − n2) y = 0.

One solution is the power series solution

Jn(x) =
(x

2

)n [ ∞∑
k=0

(−1)k

k! (k + n)!

(x
2

)2k
]
.

This is known as a Bessel Function (of the first kind) of order n.

These were first defined by the Swiss mathematician Daniel Bernoulli (1700 –
1782) and later generalized by the German mathematician Friedrich Wilhelm
Bessel (1784 – 1846). The notation was introduced by the Danish German
astronomer Peter Andreas Hansen (1795 – 1874) in 1843. For example,

J−1/2(x) =

√
2

πx
cos x and J+1/2(x) =

√
2

πx
sin x .
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Properties of Bessel Functions

Proposition

For each real number x , we have

lim
n→∞

Jn(2x)

xn/n!
= 1 and Jn+1(x) + Jn−1(x) =

2n

x
Jn(x).

Proof: For the first claim, note the following inequality for sufficiently large n:∣∣∣∣ nk

(n + k)!/n!

∣∣∣∣ =
n

n + k
· n

n + k − 1
· n

n + k − 2
· · · n

n + 1
≤ 1

so that by the Triangle Inequality we have∣∣∣∣Jn(2x)

xn/n!
− 1

∣∣∣∣ =

∣∣∣∣∣
∞∑
k=1

(−1)k
n!

(n + k)!
·
x2k

k!

∣∣∣∣∣ ≤
∞∑
k=1

∣∣∣∣ nk

(n + k)!/n!

∣∣∣∣ · ∣∣∣∣ 1

nk

∣∣∣∣ · ∣∣∣∣ x2k

k!

∣∣∣∣
≤
[ ∞∑
k=1

1

nk

]
·max
k∈Z

∣∣∣∣ x2k

k!

∣∣∣∣ =
1

n − 1
·max
k∈Z

∣∣∣∣ x2k

k!

∣∣∣∣
lim

n→∞

∣∣∣∣Jn(2x)

xn/n!
− 1

∣∣∣∣ ≤ [ lim
n→∞

1

n − 1

]
·max
k∈Z

∣∣∣∣ x2k

k!

∣∣∣∣ = 0
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For the second claim, we express the factorial in terms of the Gamma function:

Jn(x) =
∞∑

k=−∞

(−1)k

k! (k + n)!

(x
2

)2k+n

, k! =

∫ ∞
0

tk e−tdt =


1 if k = 0,

√
π if k = −

1

2
,

∞ if k ≤ −1.

Hence we have
Jn+1(x) + Jn−1(x)

=

 ∞∑
k=−∞

(−1)k

k! (k + n + 1)!

( x
2

)2k+n+1

+

 ∞∑
k=−∞

(−1)k

k! (k + n − 1)!

( x
2

)2k+n−1



=

 ∞∑
k=−∞

(−1)k (−k)

k! (k + n)!

( x
2

)2k+n−1

+

 ∞∑
k=−∞

(−1)k (k + n)

k! (k + n)!

( x
2

)2k+n−1


=

∞∑
k=−∞

(−1)k (k + n)

k! (k + n)!

( x
2

)2k+n
[
−k + (k + n)

](
2

x

)

=
2n

x
Jn(x).
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Laczkovich’s Theorem

Theorem (Miklós Laczkovich, 1997)

Let n be a rational number. The ratio x Jn+1(2x)/Jn(2x) is never a rational
number whenever x2 is a nonzero rational number.

Proof: Assume to the contrary, that is, that there exist integers p and q, not
both zero, such that the ratio x Jn+1(2x)/Jn(2x) = p/q. As x2 is a nonzero
rational number, let r be a positive integer which is larger than the
denominators of x2/n and x2; then r n/x2 and r/x2 are both integers.

Lemma #1

The real number y =
Jn(2x)

q
=

x Jn+1(2x)

p
6= 0.

If y = 0, then Jn(2x) = Jn+1(2x) = 0. Using the recursive relation

Jn+1(x) + Jn−1(x) =
2n

x
Jn(x) we have for all m = 1, 2, 3, . . . the identity

Jn+m(2x) = 0 =⇒ 1 = lim
m→∞

Jn+m(2x)

xn+m/(n + m)!
= 0.
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Proof of Laczkovich’s Theorem (continued)

Lemma #2

Define the sequence {G0, G1, G2, . . . , Gm, . . . } by Gm = rm
Jn+m(2x)

xm
.

Gm+1 +
r 2

x2
Gm−1 = (n + m)

r

x2
Gm

Gm = Nm y is an integer multiple of y for all m = 1, 2, 3, . . . .

|Gm| ≥ |y | for sufficiently large m is uniformly bounded below.

Using the recursive relation Jn+1(x) + Jn−1(x) =
2n

x
Jn(x) we have

Gm+1 +
r2

x2
Gm−1 = rm+1 Jn+m+1(2x)

xm+1
+ rm+1 Jn+m−1(2x)

xm+1

=
rm+1

xm+1

[
Jn+m+1(2x) + Jn+m−1(2x)

]
=

rm+1

xm+1

[
n + m

x
Jn+m(2x)

]
= (n + m)

r

x2
Gm.
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Proof of Laczkovich’s Theorem (continued)

Since p, q, r , r n/x2, and r/x2 are all nonzero integers, recursively define the
integers

N0 = q

N1 =
r

x2
· p

Nm+1 =
( r n
x2

+ m · r

x2

)
Nm − r · r

x2
· Nm−1

It is clear that Nm 6= 0 for m sufficiently large. We have the identities

G0 = Jn(2x) = N0 y

G1 = r
Jn+1(x)

x
= N1 y

Gm+1 = (n + m)
r

x2
Gm −

r 2

x2
Gm−1 = Nm+1 y

so that |Gm| = |Nm| |y | ≥ |y | for m sufficiently large.

PUCV Pi Day Celebration Indiana Pols Forced to Eat Humble Pi



The History of the Number “π”
On Lambert’s Proof of the Irrationality of π

House Bill #246: the “Indiana Pi Bill”

Bessel Functions
Laczkovich’s Theorem
Lambert’s Theorem

Proof of Laczkovich’s Theorem (continued)

Lemma #3

The sequence {G0, G1, G2, . . . , Gm, . . . } converges to zero.

This is because we have

lim
m→∞

Gm = lim
m→∞

[(x
r

)n
· rn+m

(n + m)!
· Jn+m(2x)

xn+m/(n + m)!

]

=
[

lim
m→∞

(x
r

)n]
·
[

lim
m→∞

rn+m

(n + m)!

]
·
[

lim
m→∞

Jn+m(2x)

xn+m/(n + m)!

]
=
(x
r

)n
· 0 · 1 = 0.

We finish the proof of the Laczkovich’s theorem. These three lemmas imply the
following contradiction:

0 6= |y | ≤ lim
m→∞

|Gm| = 0.

Hence the ratio x Jn+1(2x)/Jn(2x) cannot be a rational number whenever x2 is
a nonzero rational number.
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Lambert’s Theorem

Theorem (Johann Heinrich Lambert, 1761)

If x is a nonzero rational number, then tan 2x is irrational number. In
particular, π is an irrational number.

Proof: Say that x = p/q is a nonzero rational number so that x2 = p2/q2 is
also a nonzero rational number. Setting n = −1/2, we find the Bessel functions

J+1/2(x) =

√
2

πx
sin x

J−1/2(x) =

√
2

πx
cos x

 =⇒ x Jn+1(2x)

Jn(2x)
= x tan 2x .

According to Laczkovich’s theorem, we see that tan 2x cannot not be a rational
number.

In particular, if x = π were a rational number, the number tan 2x = 0 would
have to be an irrational number. Of course this is absurd, so π cannot be a
rational number!
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Hermite–Lindemann–Weierstrass Theorem

Definitions

Let x0 be a complex number.

x0 is said to be an rational number if x0 = p/q for some integers p and q.
If x0 is not rational, we say x0 is an irrational number.

x0 is said to be algebraic number if there is a nonzero polynomial
f (x) = an x

n + · · ·+ a1 x + a0 having integer coefficients such that
f (x0) = 0. If x0 is not algebraic, we say x0 is a transcendental number.

Theorem

There exist irrational numbers. For example, x0 = tan 2x is an irrational
number whenever x is a nonzero rational number. In particular, π is an
irrational number.

There exist algebraic numbers. For example, every rational number x0 is
an algebraic number.

There exist transcendental numbers. For example, x0 = ex is nonzero
transcendental number whenever x is a nonzero algebraic number. In
particular, π is a transcendental number.

PUCV Pi Day Celebration Indiana Pols Forced to Eat Humble Pi



The History of the Number “π”
On Lambert’s Proof of the Irrationality of π

House Bill #246: the “Indiana Pi Bill”

Lindemann’s Theorem
Squaring the Circle
A Bill for an Act Introducing a New Mathematical Truth

The first statement is Lambert’s Theorem.
Not all irrationals arise this way: i =

√
−1 is a root of f (x) = x2 + 1.

If x0 = p/q is a rational number, then x0 is a root of f (x) = q x − p.

The third statement is part of a more general theorem proved in 1873 by
the French mathematician Charles Hermite (1822 – 1901), in slightly more
generality in 1882 by the German mathematician Ferdinand von
Lindemann (1852 – 1939), and in much more generality in 1885 by the
German mathematician Karl Weierstrass (1815 – 1897).
Proof: We explain why x = π is a transcendental number. Assume that π
is a root of f (x) = an x

n + · · ·+ a1 x + a0. Then x0 = π i is a root of

f (i x) f (−i x) =
n∑

k=0

 min(k,n−k)∑
m=−min(k,n−k)

(−1)m ak+m ak−m

 x2k = a2
n x

2n + · · ·

and so it is algebraic. Hence ex0 must be a transcendental number. But
eπi = −1 is an algebraic number, which is a contradiction.
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Challenge Problem: Squaring the Circle

Say that you are given a circle. Using only a finite number of steps with
compass and straightedge, construct a square with the same area as this circle.
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Straightedge vs. Ruler / Compass vs. Protractor

Definitions

A straightedge is a tool with only one edge which is straight and infinite in
length. A straightedge can only be used to draw a line segment between
two points or to extend an existing segment.

A ruler is a straightedge with equally spaced markings along its length. A
ruler can be used as a straightedge, but it can also be used to keep track
of distances.

A compass is a drawing instrument that can be used for inscribing circles
or arcs of arbitrary radius. A compass can only be used to draw circles
starting from two given points: the center and a point on the circle.

A protractor is a compass with equally spaced markings along its hinge. A
protractor can be used as a compass, but it can also be used to keep track
of angles.
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Compass-and-Straightedge Construction

Definition

A Compass-and-Straightedge Construction consists of repeated application of
five basic operations:

Creating the line through two points.

Creating the circle through one point with center another point

Creating the point which is the intersection of two lines

Creating the one or two points in the intersection of a line and a circle

Creating the one or two points in the intersection of two circles
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Constructible Numbers

Proposition

The coordinates of the points generated by Compass-and-Straightedge
Constructions are roots of quadratic polynomials. In particular, constructible
numbers are algebraic numbers.

Proof: It suffices to check the five basic operations:

Creating the line L : a x + b y = c through P = (x1, y1) and Q = (x2, y2):

a = y1 − y2, b = x2 − x1, and c = x2 y1 − x1 y2.

Creating the circle C : (x − x2)2 + (y − y2)2 = r 2 through one point
P = (x1, y1) with center another point Q = (x2, y2):

r =
√

(x1 − x2)2 + (y1 − y2)2

Creating the point P which is the intersection of lines L1 and L2:

L1 : a1 x + b1 y = c1

L2 : a2 x + b2 y = c2

=⇒ P =

(
c2 b1 − c1 b2

a2 b1 − a1 b2
,
a2 c1 − a1 c2

a2 b1 − a1 b2

)
.
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Creating the points P and Q in the intersection of a line L : a x + b y = c
and a circle C (x − x0)2 + (y − y0)2 = r 2:

P =

(
a c + b2 x0 − a b y0 + b R

a2 + b2
,
b c − a b x0 + a2 y0 − a R

a2 + b2

)

Q =

(
a c + b2 x0 − a b y0 − b R

a2 + b2
,
b c − a b x0 + a2 y0 + a R

a2 + b2

)
in terms of R =

√
(a2 + b2) r 2 − (a x0 + b y0 − c)2.

Creating the points P and Q in the intersection of two circles
C1 : (x − x1)2 + (y − y1)2 = r 2

1 and C2 : (x − x2)2 + (y − y2)2 = r 2
2 :

P =

(
(1 − δ) x1 + (1 + δ) x2 + R (y1 − y2)

2
,

(1 − δ) y1 + (1 + δ) y2 − R (x1 − x2)

2

)

Q =

(
(1 − δ) x1 + (1 + δ) x2 − R (y1 − y2)

2
,

(1 − δ) y1 + (1 + δ) y2 + R (x1 − x2)

2

)
δ =

r2
1 − r2

2

(x1 − x2)2 + (y1 − y2)2

σ =
r2
1 + r2

2

(x1 − x2)2 + (y1 − y2)2

in terms of R =
√

2σ − 1− δ2.
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Impossibility of Squaring the Circle

Challenge Problem: Squaring the Circle

Say that you are given a circle. Using only a finite number of steps with
compass and straightedge, construct a square with the same area as this circle.

Proposition

The coordinates of the points generated by Compass-and-Straightedge
Constructions are roots of quadratic polynomials. In particular, constructible
numbers are algebraic numbers.

Theorem (Ferdinand von Lindemann, 1882)

It is impossible to Square the Circle.

Proof: One can square the circle if and only if one can construct a square with
side of length x0 =

√
π. If it is possible to do this, then x0 is a constructible

number, and so x0 is an algebraic number. Hence π = x2
0 is also an algebraic

number. But this is a contradiction.
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Theorem (Edwin J. Goodwin, 1894)

One can Square the Circle!

This circle has circumference 8 · 4 = 32 and diameter 5 · 2 = 10, so that
π = 3.2. This is not as bad as it seems at first: the right triangle satisfies the
relation 52 + 52 ≈ 72.
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Quadrature of the Circle by Edwin J. Goodwin

The American Mathematical Monthly (published by the MAA)

Vol. 1, No. 7 (July 1894), pp. 246–248, DOI: 10.2307/2971093

http://www.jstor.org.ezproxy.lib.purdue.edu/stable/2971093
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House Bill #246: the “Indiana Pi Bill”

In 1894, Dr. Edwin J. Goodwin, M.D. (1825 – 1902) thought he had
succeeded in Squaring the Circle.

Dr. Goodwin decided that the State of Indiana should be the first
beneficiary of this “new mathematical truth:” he had copyrighted his
solution to squaring the circle, and his idea was to allow Indiana to use
these new facts in its schools free of charge. People in the rest of the
country and the world would have to pay him a royalty.

In 1897, Dr. Goodwin wrote a bill incorporating his new ideas, and
persuaded his State Representative to introduce it. Taylor I. Record (1846
– 1912) was the Representative from Posey County to the Indiana General
Assembly.

Representative Record submitted House Bill 246 on January 18, 1897.

A Bill for an act introducing a new mathematical truth and offered as a
contribution to education to be used only by the State of Indiana free
of cost by paying any royalties whatever on the same, provided it is
accepted and adopted by the official action of the Legislature of 1897

http://www.agecon.purdue.edu/crd/Localgov/Second%20Level%20pages/indiana_pi_bill.htm
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House Bill #246 in the Indiana House of Representatives

On January 18, 1897, Representative Record submitted House Bill 246.

The bill was introduced to the Indiana House of Representatives, but it
caused a lot of confusion. The text of the bill reads in part:

“[Goodwin’s] solutions of the trisection of the angle, doubling the cube
and quadrature of the circle having been already accepted as contribu-
tions to science by the American Mathematical Monthly . . . And be it
remembered that these noted problems had been long since given up
by scientific bodies as unsolvable mysteries and above man’s ability to
comprehend.”

On January 20, 1897, the Indianapolis Sentinel reported that the bill was
“not intended to be a hoax.”

On February 5, 1897, the full Indiana House of Representatives voted
unanimously 67 to 0 to send the bill to the Indiana Senate.

http://www.agecon.purdue.edu/crd/Localgov/Second%20Level%20pages/indiana_pi_bill.htm
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House Bill #246 in the Indiana Senate

On February 5, 1897, Purdue University professor Clarence Abiathar
Waldo (1852 – 1926) arrived in Indianapolis to secure the annual
appropriation for the Indiana Academy of Sciences.

Waldo was astonished to find the General Assembly debating
mathematical legislation. An assemblyman handed him the bill, and
Waldo pointed out the obvious mistakes. (Recall that the impossibility of
Squaring the Circle had only been proved some 15 years before!)

On February 6, 1897, the Indianapolis Journal wrote “this is the strangest
bill that has ever passed an Indiana Assembly.”

On February 11, 1897, the bill was introduced in the Indiana Senate and
referred to the Committee on Temperance.

On February 12, 1897, the Committee on Temperance chair Senator Harry
S. New reported it favorably, and it passed to the Indiana Senate for
discussion anyway.

On February 12, 1897, Senator Orin Z. Hubbell moved to postpone further
consideration of the bill indefinitely, and the motion passed.

“The Senate might as well try to legislate water to run up hill as to
establish mathematical truth by law.”
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Epilogue

Indianapolis News report of February 13, 1897:

. . . the bill was brought up and made fun of. The Senators made bad
puns about it, ridiculed it and laughed over it. The fun lasted half an
hour. Senator Hubbell . . . said that in reading the leading newspapers
of Chicago and the East, he found that the Indiana State Legislature
had laid itself open to ridicule by the action already taken on the bill.

The session of 1897 was Representative Taylor I. Record’s first and only
term in the legislature.

Dr. Edwin J. Goodwin, M.D. died five years later in 1902 aged 77.

As years went on and he saw the child of his genius still unreceived by
the scientific world, he became broken with disappointment, although
he never lost hope and trusted that before his end came he would see
the world awakened to the greatness of his plan and taste for a moment
the sweetness of success. He was doomed to disappointment, and in
the peaceful confines of village life the tragedy of a fruitless ambition
was enacted.
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Happy Pi Day!
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